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THE DYNAMIC FIELD OF A
GROWING PLANE ELLIPTICAL SHEAR CRACKt

PAUL G. RICHARDS

Lamont-Doherty Geological Observatory of Columbia University, Palisades, New York 10964

Abstract-The radiation for a three-dimensional problem of brittle fracture is investigated. A crack is presumed
to nucleate at a point in an infinite pre-stressed elastic medium, and the crack subsequently grows steadily with
subsonic rupture velocities, maintaining the shape of an ellipse. Shear stresses are relieved by the crack, and
exact solutions are derived for the acceleration and stress-rate (at every point of the medium) in terms of single
integrals and algebraic expressions. The solutions are evaluated analytically at wavefronts and singularities,
and numerically, at different points in the medium, for different growth rates of the crack.

1. INTRODUCTION

DESPITE the simplifying assumptions of modeling motion in solid media by the methods
of linear elasticity, the catalogue of known solutions to dynamic crack problems is still
small. Reasons for this lie both in the inherent difficulty of mixed boundary value problems
(for which linear combinations of a field variable and its derivatives are known only on
restricted regions of a two-dimensional surface), and in the necessity of dealing with two
types of motion (irrotational and solenoidal), which are coupled by a stress-free surface.
These known solutions have, however, played an important role in our understanding of
a wide variety of material processes.

The early investigations concerned two-dimensional tensile problems, of cracks moving
in a medium under uniform tension normal to the crack. Thus, Yoffe [1] examined the
case of a straight tensile crack, of constant length, and moving with constant velocity.
She showed that if the crack velocity exceeds a critical value (which is about 0·6 times the
shear wave velocity) then the maximum tensile stress (in the vicinity of the crack tip) is no
longer normal to the direction of crack propagation. She suggested this as the explanation
of why observed cracks, in fractured glass and cellophane, have a tendency to curve.
Broberg [2] solved the problem of a bilateral tensile crack, and was one of the first to show
that if the crack-tip velocity, in brittle fracture, is constant, it should be the (Rayleigh)
surface-wave velocity. Baker [3] obtained solutions for the case in which a semi-infinite
tensile crack suddenly appears, and grows with constant velocity. He calculated the time
variation of the tensile stress at a fixed point on the line of fracture, as the tip of the crack
approaches. More recently, Kostrov [4] and Craggs [5] have obtained solutions for the
three-dimensional tensile problem of a growing circular crack.

The radiation from propagating shear cracks is less well known than that from tensile
cracks. Understanding properties of such radiation is, however, of considerable importance
in studying earthquake faulting, since we may thereby hope to infer mechanical and
geometrical parameters of the region of rupture, and so improve our comprehension of the
earthquake mechanism. (See Kostrov [6] for a review.) Published solutions, for dynamic
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crack propagation in media subjected to homogeneous shear, include the work of Kostrov
[7J, who investigated two-dimensional bilateral cracks, and also the three-dimensional
case of a growing circular crack. Kostrov [8J considered criteria of failure, and showed how
to calculate the velocity of brittle rupture for a longitudinal shear crack (in which displace­
ment is everywhere parallel to the line of rupture). Burridge [9J gave a numerical treatment
of bilateral cracks which stop growing after a certain time, and Burridge and Willis [1OJ
obtained a solution for radiation from a growing elliptical crack in an anisotropic solid.

Apart from the displays in [9], these authors have not computed the radiation implied
by their solution formulae. Indeed, in the three-dimensional problems of most interest,
their solutions are usually given as double integrals which are not readily amenable to
computation. In this paper, I show that the problem of an elliptical shear crack, growing
in a prestressed medium, can be cast into a form soluble by the Cagniard-de Hoop methods
developed by Gakenheimer and Miklowitz [l1J and Gakenheimer [12J for moving sources.
This problem is a generalization of the circular geometry examined in [7J, and a special­
ization (to shear fracture in an isotropic medium) of the discussion in [10]. Fortunately,
however, the solution given here is easily evaluated, and several features of the radiated
fields are displayed below.

2. MATHEMATICAL FORMULATION

An infinite homogeneous elastic medium is initially in a state of uniform stress, denoted
by the tensor (J0. After time t = 0, an elliptical plane shear crack starts to grow in the
medium. With an appropriate choice of Cartesian coordinates, the crack surface is defined
(see Fig. 1) by

S(t} = {z = 0:X2/0"2+ y2/V2::; t2: (0 < 0" < cs,O < v < cs),

a formula which incorporates the assumptions that crack growth (i) is steady (0" and v
are constants), and (ii) has rupture velocities along each axis which are less than the shear
speed Cs . The shear tractions are "relieved" on the crack surface-that is, the yz and zx

components of stress on S(t} are dropped to new values which (iii) are assumed to be
constant over the crack surface, equal to 0";= and O";x (say). These constants would be zero
if the crack surface could sustain no shearing traction. A more practical example of their
value is suggested by linking the concept of dynamic friction on the crack surface with a

(0)
y
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FIG. I. Parameters for a growing elliptical crack: (a) the plane z = 0, seen from the side with z > 0:
(b) the definition of spherical polar coordinates (R, 0,1». Azimuth angle 1> is taken between the plane

y = 0, and the plane containing the field point and the z-axis.
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result pointed out by Burridge [9J, that the zz stress component throughout the plane of
the crack remains constant at all times. One could then take

1 0 . ./, 1 0 ./, (1)ay= = azz J1.f Sin <p, azx = azzJ1.r cos <p,

in which Ij; specifies the frictional force direction, and J1.f is the coefficient of dynamic
friction. The assumption that shear stresses are constant over the (moving) crack surface
is not physically unreasonable in seismic problems, since the crack is spreading over a
plane (a geological fault) of pre-existing weakness. It is a less reasonable assumption for
genuine fracture in virgin materials, since then the surface energy of creating new crack
surface is significant, and can control the characteristics of the rupture. Whatever the
values assumed for shearing stresses on the crack surface, the problem remains (in the case
of subsonic rupture velocities) that we do not know from what immediate value the stress
is dropped. For, although the initial shears a~z and a~x are known, a point P in the plane
z = 0 is in general influenced after t = 0 (but before the crack arrival) by prior radiation
from the crack. It is this fact which leads in general to a mixed boundary value problem,
but results of [9J and [1OJ permit a relatively straightforward boundary value problem to
be set up, for the present crack geometry. To describe these results we let u be displace­
ment away from the initial (static, prestressed) position, with t as the derived stress tensor
(so that (J"°+t is the total stress). The remark preceding equation (1) implies that

!zz = 0 on z = O. (2)

(4)

By guessing the form of displacement discontinuity across the crack (and subsequently
verifying that all the necessary properties of this brittle fracture problem are reproduced),
it is shown in [10J that the relative displacement of opposite crack faces takes the form

[ux,uJ~~g~ = 2(a,b)(t2-x2/a2-//v2)! on S(t), (3)

in which a and b are two constant velocities, proportional to the stress drops a~x - a;x'
a~= - a:.z respectively. To solve the radiation in, say, the half space z ~ 0, we may use the
result (see [9]) that Ux ' uy are odd functions of z, and obtain from (3) two further boundary
conditions

{
(0, 0) on z = 0+ but off S(t)

(ux ' uy) =
(a, b)(t2- x2 /a2- y2/V2)! on z = 0+ and S(t).

Note that the displacement of the origin has (x, y) components (at, btl after rupturing, so
the (a, b) velocities are just velocity components for the center of the crack.

Solution in the half space z ~ 0

Introducing Lame potentials <1> and A which generate u via u = V<1>+ V x A, we have

dV2<1> = 02<1>/ot2, c;V2A = 02A/ot2 (5)
and

V.A =0 (6)

where Cd is the dilatational wave speed. Initial conditions are that <1>, o<1>/ot, A, oA/ot are
zero at time t = O.

Taking a one-sided Laplace transform of time C), and bilateral Fourier transforms of
x and y ("'), the boundary conditions (2) and (4) become

on z = 0+ (7)
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(8)

where (k, v, s) are the transform variables corresponding to (x, y, t). It is then a simple
manipulation to obtain transformed potentials satisfying (5H7), together with the initial
conditions and radiation condition lui -> 0 as z -> 00. Allowingf(x, t) to represent anyone
of the scalar dependent variables <1>, A j , uj , 'jk (j, k = x, y or z), the Laplace transform f
can be obtained after two Fourier inversions as the sum of dilatational and shear con­
tributions,f(x, s) = fix, s)+ fix, s), where

- _ avc; J"" Joc F~(k, v, s) ei1kx+l'y)-no=
fix, s) - -2- dk dv 2 k2 2 2 2 2

ns _ OC' - 00 (s + a + v v )

for rx = d or s, in which Fo is given for 10 different dependent variables f by Table 1, and
no = (k2+ v2+ s2/c;)"!. Since (8) is a solution in z :::::: 0, we require n~ :::::: O.

TABLE I. A LIST OF THE INTEGRANDS APPROPRIATE IN EQUATION (8) FOR DIFFERENT DEPENDENT

VARIABLES f IN THE CASES OF Ux ' U
J
•• !". RELAnONS BETWEEN Fd AND F, ARE SHOWN WHICH ARE

EQUIVALENT TO THE BOUNDARY CONDITIONS (7). Il IS THE RIGIDITY.

f Fd F,

<I> 2i(ak +bv) 0

Ax 0 - [akv +b(v2+n;)]/n,

Ay 0 [a(k 1+n;) +bkv]ln,

Az 0 i(av-bk)

Ux -2k(ak+bv) a(2k1+ s1Ie;)+2bkv = -Fd +as1Ie;

uJ• -2v(ak+bv) 2akv+b(2v1+s1Ie;) = -Fd +bs1Ie;

Uz - 2iniak + bv) i(ak +bv)(k1+ v2+n;)/n,

!zxlll 4kniak+bv) - (ak +bv)(4n, - S2le;n,)k - an,s2Ie;

! yzlll 4vniak+bv) - (ak +bv)(4n, - s1Ie;n,)v - bn,s1Ie;

!zzlll 2i(P + v1+n;)(ak +bv) -2i(ak+bv)(k1+v1+n;) = -Fd

The method of inversion, fromj(s) to f(t), may adequately be illustrated by examining
further the case in which only the zx component of stress is relieved. That is, a~z = a~Z'

and the constant b of (4) is zero. Note, however, that 'yz may still be non-zero, on z = 0
but off S(t).

We can expect the solution for the radiated field to contain just two wavefronts, con­
centric spheres of radii cdt and cst at time t, and centered on the point of nucleation. Since
the rupture velocities are subsonic, the crack surface remains within both wavefronts.

3. INVERSION METHOD, FOR A ZX-COMPONENT OF STRESS DROP

To demonstrate the inversion procedure for f, it suffices to work with the scalar
potential, the Laplace transform of which is

- 2aavc; Joc' J00 ik ei(kx + t'y) - nd=

<I>(x, s) = --2- dk dv (2 k 2 2 2 2)2'
ns _ 00 _ 00 S + a + v v
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Following the method of Gakenheimer and Miklowitz [11], we make the de Hoop
transformation

k = (slcd)[q cos 4> - w sin 4>], v = (slcd)[q sin 4> +wcos 4>]

(9)

where 4> = tan -t(Ylx). After separating the resulting integrand into components even and
odd in w, we find

- C foo foo .<I>(x,s) = -2
3

dw dqJ(q,w,4»e-(s/cd)(-,qr+mdZ)
s 0 - 00

in which C = 8a1:.Nc;/(ncd), where 1:. = (flcd and N = VICd are the normalized rupture
velocities,

(E 2 +02)iq cos 4> +2EO(iw sin 4»
J = (£2 _ 0 2)2 ' where

E = 1+q2D+ w2F, 0 = -2qw(1:.2- N 2) cos 4> sin 4>

with D = 1:.2cos2 4> + N 2 sin2 4>, F = 1:.2sin2 4> + N 2 cos2 4> (so E and 0 are respectively
even and odd, in either q or w) and r = (x2+ l)t, md = (q2 +w2+ l)t. We add the con­
straint Re md ~ 0, which generalizes the previous nd ~ 0, to permit interpretations with
possibly complex values of q and w.

The real and imaginary parts of the integrand in (9) are respectively even and odd in
q, yielding

$(x, s) = ~ Re{SoOO dw {OO dq J e-(S/Cd)(-iqr+mdZ} (10)

To evaluate this result, we first consider path deformations in the first quadrant of the
complex q-plane, for real and positive values of w (see Fig. 2). Relevant singularities of the
integrand in (10) are then

1m q

Re q

FIG. 2. Branch cuts, Cagniard paths, and the propagation pole q.. in the first quadrant of the complex
q-plane. Note that the Cagniard paths never intersect the branch cuts, since the branch point at
q = i(w2 + l)t is present only for dilatational waves, which are inverted via q = qJr). Hence, there

are no head'waves in the present problem.
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(a) a branch point at q = i(w 2 + 1)+, with a cut running up the imaginary q-axis, and
(b) a second order pole at q = q"v == [wil + i(W2~:;ZN 2+ D)+J/D, where

~ = (:~:2 _ N 2
) cos ¢ sin ¢.

(The i'ntegrand has three other such poles, obtainable from q"v by reflection in the two
coordinate axes, and in the origin.)

The standard inversion procedure for (10) is to turn the q-integral into the Laplace
transform (over time) of the w-integral. This implies a change in the order of integration,
but first we make the identification of time as t = (- iqr+ ItldZ)/Cd' solving for q to obtain
the first quadrant path

(11 )

for r == cdt/R ~ rwd == i(w 2 + 1)+, where (R, 8, ¢) are the spherical polar coordinates shown
in Fig. 1.

In deforming the q-integration in (10) from the real q-axis to the CaL 'liard (real time)
path q = qd' the residue from the pole at q = q"v will be picked up if and only if w is such
that qd lies above q"v. It may be shown that the range of w for which this occurs is given by

w2 G > D cos2 8(I-D sin2 8), where G == D sin2 8(F +D cos2 8)-}}N2• (12)

Thus, since I-D sin 2 8> 0, the polar residue is to be included if and only if both
(i) G > °(which defines a region of the half-space Z ~ 0), and
(ii) w> WOd == [D cos 2 8(1-D sin2 8)/GJ+.
Further points to note in deforming to the Cagniard path (see Fig. 2) are that the

contribution from large arc Cj is vanishingly small, and from Cn is zero (since the integrand
is pure imaginary). So, separating out the residue contribution to $, we have $(x, s)
= $(1) +$(2) where

C {Joo foo C () }$(l)(x, s) = "3 Re dw J(qd' W, ¢) e- Sl -..!. ';lqd dt
s 0 lwd R vr

and

(14)

where H(x) is the Heaviside unit step function,

Inversion of $(1) to the time domain is thus obtained by interchanging the order of
w- and t-integration, giving

:t33 <I>(l)(x, t) = C~H(r -1) f: d

Re{J(qd(W, r), w, ¢) ~~d} dw,

where 1d = (r2 -1)+.
We note the expected result, for three-dimensional Cagniard-de Hoop problems, that

the solution is expressed in terms of a single integral. It is also seen that the solution is
naturally expressed in terms of the third time derivative. This essentially is because the
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third derivative is the first one discontinuous across the time t = cdjR (i.e. r = I), the time
of arrival of the P-wave from the initial point of nucleation of the crack. Corresponding
results for displacement and stress are that the method of this paper leads naturally to
formulae (like (14)) for acceleration ii and stress rate i.

Inversion of i1)(2) to the time domain is accomplished by the method due to Gaken­
heimer and Miklowitz [llJ, who showed that the w-integral of residues in (13) could itself
be converted to a Laplace transform integral, by finding an appropriate Cagniard path in
the complex w-plane (see Fig. 3). The identification of time is clearly

(15a)

1m w

I
I "1;.

I
I

Re w

FIG. 3. Cagniard paths in the first quadrant of the complex w-plane.

and it is not difficult to show that (in the case G > 0) equation (15a) does define a path
w = wJt) in the first quadrant of the w-plane; that is, a path parameterized by real values
of time t. The solution of (15a), for w as a function of t, unfortunately involves solution of a
quartic, and the Cagniard path cannot be described in the simple analytic fashion of (11).
However. there is no difficulty in numerically obtaining both the path and the derivative
(owdjot). The method is described briefly below, the main features of the solution being a
path which crosses into the first quadrant (from the fourth) at the point w = W

Od
at time

t = tOd == (w~d!?N2+D)iR2j(CdrD) (15b)

and which subsequently tends to the asymptotic value

wJt) '" (CdDtjR)j{[D2 + (il + iI:N)2Ji cos 8- i(il + iI:N) sin tJ} as t -+ 00. (15c)

The time domain inversion of (13) now follows immediately in the form

:t33 <1>(2) = 2nCH(G)H(t-tod)Rei{Ko~d+:t(Lo~d)} (16)

where K = iJljiJq and L = (ir-qz/md)Ijcd' and both K and L are obtained as functions
of time from I = I(q".(wd(t)), wd(t), 4».
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Equation (16) concludes this description of the basic inversion procedure. To obtain
the P-wave component of motion for other dependent variables (such as acceleration, or
stress rate), one simply carries out the integration (14) with a different definition of J, and
adds the result to the algebraic term (16) with corresponding definitions of K and L. To
obtain the S-wave component of motion, the de Hoop transformation is again applied to
J. in equation (8), leading to the same second order pole quiw) in the q-plane (Fig. 2), but
to a new Cagniard path

(17)

for

r == cdt/R :2: r ws == i(w2 +d/c;)t.

The S-wave term can then also be inverted to the time domain, using methods similar in
all but minor detail to those already displayed for the P-wave potential. Since the analysis
requires considerable algebraic manipulation, the complete solutions for acceleration and
three components of the stress rate are given in the Appendix.

4. WAVEFRONTS AND SINGULARITIES

The system of wavefronts set up by a moving source (such as the present example of
rupture) may easily be constructed by Huygen's Principle. The conical type of wavefront,
spreading back from the moving source itself, is absent from the present analysis, because
the crack tip moves subsonically. The only wavefronts generated are simply those spherical
wavefronts (spreading with speeds Cd and cs) which emanate from the origin of rupture itself,
and which carry discontinuities in the dilatational and shear wave fields. It is a simple
matter to quantify these discontinuities by evaluating formulae such as (14) and (A2) for
times near the arrival times r = 1 and r= Cd/Cs (i.e. t = R/cd• t = R/cs) for the two wave
types, finding the discontinuities

.. 4uvc; cos 0 sin 0 ... H(r-l)
uix,t) = cJ(I-Dsin2 0)2 (acos4>+bsm4»x R (18)

as r -> 1, where x denotes a unit vector in the x-direction, D = (u2 cos2 c/J+v2 sin2 c/J)fc~,

and (R, 0, c/J) are the spherical polar coordinates shown in Fig. 1;

n.lx, t) = ( 2~V. 20)2 {cos O[a, b, 0] -sin 8(a cos c/J +b sin c/J)
Cs I-Drs sm

. [sin 28 cos c/J, sin 20 sin c/J, cos 20]] H(r; (19)

as r -> r s , where r s = cd/cs '

Formulae (18) and (19) are essentially approximations for the early motions of dila­
tational and shear waves in the radiated wave system. They are in agreement with results
of Burridge and Willis [10] (after correction of a misprint in their equation (5.27)), and,
as these authors have pointed out, the first motions are just those for a double couple
modified by the factors (1- D sin2 fW 2 for dilatation and (1- Dr; sin20)-2 for shear
waves.
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A pseudo-wavefront

A feature of the solution forms (16) and (A3) is the discontinuity of the time-domain
contributions from the residue terms. That is, for field points in the half-space z 2: 0 such
that G > 0 (with G given by (12)), the algebraic terms giving the residue contribution have
step-like discontinuities at "arrival" times t = RroJcd (0: = d, s). A similar phenomenon
was noted by Gakenheimer and'Miklowitz [11], in their solution for Lamb's problem with
a moving source. Since these authors were able to show that such discontinuities appeared
to be cancelled (in the case of a subsonic source) by matching discontinuities associated
with the integral terms of (14) and the I a of (A2), a similar property is to be expected in the
present problem. This property is in fact found, and turns out to be the key to avoiding a
numerically troublesome feature of the integrands in (14) and (A2). Namely, that at times
near t = Rro,/cd, these integrands have a second order pole which is sufficiently near the
(real) path of integration (0 ~ W ~ T,) to require a large number of steps in any accurate
integration scheme. The precise location of this pole in the complex w-plane is (from the
definitions of E, 0, and the Cagniard path in the complex q-plane), for dilatational waves,
a solution to

where

q = qd = (r2- w2- 1)~ cos 0+ ir sin e. (20)

It may be shown that the-solution for this w (as a function of time) is precisely the path
w = wd(r) which is generated via (15). Two different roles are thus played by the Cagniard
path in the w-plane: (a) it permits an algebraic expression to be obtained for part of the
total solution in the time domain; and (b) the remaining part of the solution, a single
integral, is complicated by a numerically troublesome singularity which, as time increases,
also follows the Cagniard path. For a receiver in the region G > 0, this singularity actually
crosses the path of numerical integration at just the time (t = Rrod/cd, for dilatational
terms) at which the algebraic term starts to contribute.

Several examples of the path w = wd(r) are shown in Fig. 4, for a particular choice of
velocities CS ' (J, v, and of azimuth cjJ. The examples are for different values of the angle e,
and in all cases G > 0, so that the paths do cross the real w-axis from the fourth quadrant
to the first. It may be shown that 0 ~ W Od ~ (r6d-1)~ = 'Id(rOd)' and so the singularity (in
integrands (14) and (A2) near times r = rOd) is indeed near that part of the real w-axis
which is used for the integration. A further guide to properties of the w-plane Cagniard
path is given by its closed form expression for points in the crack plane itself (z = 0, or
e= 90°):

i
i[ - (F -1;2N2r2r~+ ~r]/F

w = wd(r)lz=o =

[(l?N 2 r2
- F)~+ i~r]/F

(21)

This special case, also shown in Fig. 4, is an orthodox hyperbolic type of Cagniard path.
In generaL the remarks made above for wd(r) apply also to the shear wave terms and
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1m w

12

8

4

Ol-f-,h~--'--+-------+------+---

-4

FIG. 4. Paths W = wd(e, 4>, f), calculated for 4> = 45° at different e and times I :S f :S 12, using source
parameters c, = cd/ J3. 11 = ci2, v = ejlO. Note that for field points close to the crack itself (8 -+ 90°)

these paths resemble an orthodox hyperbolic Cagniard path.

wlr), and these two paths converge as r ~ 00. For points in the crack plane, the two paths
are identical, ws(r) also being given by (21), and the q-plane Cagniard paths are simply
qd(r) = ir = q.(r) (independent of w).

With our knowledge of the location of the second order pole, in the integrand required
for computation, and our knowledge of the times near which this singularity is close to the
path of integration (the real w-axis, from w = 0 to w = ~(r): 0: = d or s), two techniques
are suggested for avoiding problematical numerical effects. One can either move the path
of integration (between its end points) into the complex w-plane, away from the singularity,
or one can remove the singularity by subtracting out the first two terms in a Laurent series
(in w-wa(r)), and integrating them separately. The first method does not lead to any
obvious parameterization of the path of integration, so the second method has been
developed, and has been found completely adequate. Relevant formulae are given in the
Appendix.

In all the numerical problems examined to date, it has been found that the total solution
appears completely smooth across times r = rOd and r = ros. This apparently is a con­
sequence of the cancelling discontinuity in the integral of the second term in the Laurent
series, as the pole migrates across the path of integration (see (A4)).

Singularities near the crack tip

The solution for a3et>jat3
, and for acceleration and stress rate components, contains a

singularity for points in the crack plane. The singularity occurs at the time of the crack
arrival, t = t"v (say) where t"v = (X 2ju2+y2jv2):l:, and may be seen in our so~ution as due
to the singularity in awajat (0: = d or s). Using dimensionless time, we have from (21) the
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results wa ~ ilJ./(F-!'£,N) and

853

°o:a ~ i'£,N/[F(2e)t] (e > 0), ~'£,N/[F(-2e)t] (e < 0) (22)

(23)

as e -> 0, where e = (tav - t)ltav = (rav - r)lrav with r av = Ft'£,- 1N- 1.

That two different formulae are needed for the derivative in (22), as the limit is taken
from above or below. is to be expected from a study of the curve in Fig. 4 for e= 90°.
with its abrupt change in direction at r = rav '

To describe the singularity in our solution, it is advisable to look at the time integral
of the solutions we have previously described, since then the singularity is integrable. That
is, we examine the singularity in 02$/ot2 (and velocity and stress-components). It is then
clear that the singular term (derived from (16)) is due to LowJor. and it may easily be
shown that

C2 $ '£,NCcd(2e)t- ~ -2n--LH(t-t )et2 FR av'

in which L = L(qd' wd• raJ is evaluated with q = irav and Wd given by (22) (the resulting
L then being real). If these manipulations are carried through also for the shear stress
components in the crack plane, in the case of relief of the zx component of stress (b = 0),
it is found that

(2 )t ~ H(e)4j1c;a cos ¢ sin ¢ [B B _ B2 _.1( 2/ 2)]
rzy e 3F s d s 4 Cd Cs

Cd Bs

as e -> 0, where Ba == [('£,4 sin2 ¢ +N 4 cos2 ¢)('£,2N 2F)- (c~/c;)]t(C( = d, s).
The singularities for ux ' uy and rzz may be found directly from their known values

everywhere in the crack plane (see (4) and (2)). The final result here is then for uz, given by

. (2)t ~ H(e)2c;Na cos ¢ [.1 2 B2 -B ] (24)
Uz e 2 t 2 r s + s dBs .

'£,cdF Bs

Burridge and Willis [10] have also given formulae for the shear stress singularities
around the rupture front of an elliptical shear crack. Unfortunately, their results differ
from the above equation (23), the difference essentially being their neglect of a term in the
definition of Ba • The neglected term contains the factor cos2 ¢ sin2 ¢, and their results
are in agreement with equation (23) just for the special directions ¢ = 0, ¢ = 90°. The
singularities given above are in complete agreement with the numerical results obtained
(at various intermediate values of ¢) from computation of the complete solution described
in the Appendix. As Burridge and Willis have pointed out, the rzx singularity vanishes at
¢ = 0 when (J is the Rayleigh wave speed CR (say), and vanishes at ¢ = 90" when v is the
shear wave speed CS ' These special directions correspond to local states of plane strain
and anti-plane strain (respectively), and such states may be analyzed as two-dimension
problems of crack propagation. If brittle fracture is an adequate model of material failure.
then the ellipse given by (J = CR , V = Cs is suggested as the parameterization for a steadily
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growing crack: it would of course be desirable to drop the constraints of holding a and v
constant, but the resulting elasticity problem is as yet unsolved.

5. SOME NUMERICAL EXAMPLES, FOR RELIEF OF THE ZX-COMPONENT
OF STRESS

The Appendix formulae have been programmed in FORTRAN, using real arith­
metic only, for evaluation on an IBM 1130 computer. Input parameters are the velocity
ratios I:, Nand eJed , and dimensionless space-time coordinates (8, <p, r), and output
is the dimensionless accelerations ui x (rreJR)/(8e;ava) and dimensionless stress rates
rio x (rredR)/(l6,ue;ava) (i = x. y or z). If the residue terms (16) or (A3) are required. values
of w

7
(r) (0: = d or s) are obtained for given time r by the iteration

Wn +! = wn +(r-Z(wn))/(oZ(wn)j8w). II = 1.2, ...

where

Z = [-iqsinV+(q2+w2+d/c;)"~cosO]lq=qav(W)'

The starting value WI is obtained either from the asymptotic approximation of (15c), or
from a value of w7 previously found on the Cagniard path for nearby r. The iteration has
been found to converge rapidly. in all cases tried.

Numerical checks of the program have been made to ensure that: (a) the dilatational
component of acceleration is irrotational; (b) the shear wave component is solenoidal;
(c) plio rox.x+rOy.y+roo,o (i.e. the z component of the equation of motion is satisfied);
(d) boundary conditions (2) and (41 are satisfied; (e) Tox is constant over the crack surface.
for given (I:, N, Cs/Cd); and (f) that the computed values agree with the wavefront formulae
and crack tip singularities in equations (181. (19). (23) and (24).

Since some of the most interesting features of crack propagation are contained in the
vicinity of the crack tip. computations are presented belowt for the case 0 = 85°. Two
different azimuths are used. <p = 1° and <p = 89° (corresponding respectively to states
essentially of plane strain and anti-plane strain), and times include those at which the
crack tip passes nearby. Rupture speeds are taken as (a. v) = (I\C R • I\C,). where 1\ takes on
four different values 0·5. 0-7. 0·9 and 1·0. This last value of 1\ is that suggested by results
of the previous section. giving rupture speeds which reduce the stress concentrations
around the crack tip. Lame parameters ;. and ,u are taken as equal. so Cd/Cs = J3.

Example I: <p = 1°

In Figs. 5. 6. 7 and 8 are shown the x and z components of acceleration. and zx and zz
components of stress rate. Principal features of these computations are: (a) the large
radiation at times when the crack tip is nearby (i.e. large relative to the wavefront values
at times T = L r J3). In fact. the four curves in each of these four figures all have a
zero-crossing very close to the time of nearest approach of the crack tip. indicating that
velocity and stress components all have maximum magnitudes near this time; (b) the
increase in maximum amplitudes as the rupture velocities increase. This effect is accentuated
for the dimensional variables. which are proportional to 1\2 times the values plotted;

t The computations described in this section required about 5 h of time on an IBM 1130. or 80 sec on a
Univac 1108.
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FIG. 5. The x-component of acceleration, due to relief of the zx component of stress, at points along
e = 85°,4> = 1° (see insert). Computation is done for four different rates of crack growth: (0', v) = (KC R ,

KC,l, with K = 0·5, 0·7, 0·9, 1·0, and corresponding times at which the crack tip passes nearby are
tcd/R = 3·76,2·69,2·09, 1·87. Arrows at P and S mark the arrival times of P- and S-waves from the

original point of rupture.

(c) the wavefront discontinuity for shear waves becomes significant as K ---+ 1·0. This is to
be expected physically, since then in the direction (8, 4J) = (85°,1°) the shear wavefront is
followed closely by the radiation from the crack tip; and (d) the curves for Ux tend to zero,
as r increases, but more slowly than do the curves for izx and i zz . This is to be expected
from the known formulae for these three variables on the crack surface itself. Figure 6
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FIG. 6. As for Fig. 5, but showing the z component of acceleration.
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FIG. 7. As for Fig. 5, but showing the zx component of stress rate.

shows also that Uz tends rapidly to zero as r increases, and further work has shown that it
also (with i zx and i zz ) vanishes on the crack surface.

Example II: ¢ = 89°

In Figs. 9 and 10 are shown the x component of acceleration, and zx component of
stress rate. Principal features here are the off-scale values for K = 1·0, near the shear wave
arrival time. For the direction (8, ¢) = (8SO,89°), and v = cS ' the crack tip radiation
essentially is riding on the shear wavefront. And the wavefront discontinuity (see equation
(19)) is proportional to (1- D(Cdlcsf sin2 8) - 2, which here (for K = 1, ¢ '" 90°) is approx­
imately l/cos4 8. It is simple to show that Uyo uz , f yz ' i zz are proportional to cos ¢, if ¢ is
near 90°, and so are very small. Motion near this azimuth thus lacks a longitudinal
component.

..../-K=0.5

1
t
p

100
/

K=1.0

/

K=0.9

~
t, .rK=O.7 t

:\ f ,IF ..5!..I 1\

~ ~ 0 1-__-I-_""""'A~Ii"'F...~~~"".;;:;..i"-........>-."....:,.>,=-=-.......;-4---····-·...--'...':':':"'l-R-;.

~\,)"tJ "'11;
~ ~

)(,
'1-'

-100

-200

FIG. 8. As for Fig. 5. but showing the zz component of stress rate.
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FIG. 9. The x-component of acceleration, due to relief of the zx component of stress, at points along
8 = 85°, ¢ = 89° (see insert). Computation is done for crack growth (17, v) = (KC R, KC,) with K = 0·5,
0·7,0·9, J·O,and corresponding timesat which the crack tip passes nearby are tcd/R = 3-45,2-46, J·92, J·72.

Finally, it should be pointed out that interpretation of Figs. 5-10, in application to
a particular problem, requires knowledge of the dimensioning factors which have been
included in the plotted values. In particular, the value of a (the initial particle velocity at
the point of crack nucleation) is often needed. For the faulting which occurs during an
earthquake, it has been suggested by Brune [13] that near-source particle velocities have
an upper limit of about 100 em/sec (3 ft/sec).

6. CONCLUSIONS

The exact solution, for the dynamic field of a steadily growing elliptical shear crack,
may be obtained in a form sufficiently simple for rapid numerical calculation. The technique
involves first the setting up ofthe correct boundary value problem, in terms of the displace­
ment continuity across the crack, and second the repeated use of Cagniard-de Hoop
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FIG. 10. As for Fig. 9, but showing the zx component of stress rate.
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procedures. The solution is found in terms of single integrals (a common feature of transient
elastic solutions in three dimensions), plus algebraic terms which require the numerical
evaluation of a fourth-order Cagniard path.

The problem solved here has no inherent scaling, so the solution is of relevance to the
study of rupture phenomena ranging from micro-fracturing to large earthquakes.
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APPENDIX

j = x, y or z

Solution formulae, for relief of the zx component of stress.
For components of acceleration and stress-rate, the solution takes the form

.. _ 8c;ava{ l.
uj - 3 Id+Is+Rd+RSJ

ncdR

_l6/lc;ava {I I R R l.
i jz - 4R d+ s+ d+ sJ

nCd

in'whicht the integral terms (la:a = d or s) and residue terms (Ra) are

(. {(E2+02)Ma-2EONa Oqa}
Ia = H(r-ra ) J

o
Re (E2_02)2 a; dw

Ra = 2nH(G)H(r- roa) Re i{ - [Ua+ iv"D/al]a2/(8ai) + a l Ia2 Wa+ a l2v,,}

t A dot (.) denotes the derivative a/at (with respect to dimensioned time).

(Al)

(A2)

(A3)
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with M", N". U", v., Jv,. (ex = d, s) given in Tables 2 and 3 (as a function of the dimension­
less time, = tCd/R). and '0 = Cd/C", T" = (,2_,;)1', E and 0 as in equation (9) with q = q"
given by (11) or (17), G as in (12) and '00 = (W~0:E2N2 +D)1' cosec e/D where

w~" = D cos2 e( 1- D,; sin2 e)/G.

TABLE 2. A LIST OF THE FUNCTIONS NEEDED IN EQUATION lA2). TO OBTAIN THE INTEGRAL CONTRIBUTION TO

SOLUTIONS FOR ACCELERATION AND STRESS RATE: q IS TAKEN AS THE CAGNIARD PATH VALUE qil) FOR THE

DILATATIONAL TERMS M d , Nd , AND AS q,ll) FOR SHEAR TERMS M,. N,

Solution

f

_q2 cos2 cf>-w2sin 2 cf>

(_q2 +w2)cos cf> sin cf>

-iqmdcoscf>

miq2cos 2 cf>+w2sin 2 cf»

md(q2 - w2)cos cf> sin cf>

i(q2 +w2+1r;lq cos cf>

M,

q2 cos2 4> + w2 sin2 cf> +1,;
(q2 _ w2)cos cf> sin cf>

iq(m,-1,;lm,) cos cf>

(_q2 cos2 cf>- w2 sin 2 cf>)(m, - h;lm,)-h;m,

(_q2 +w2)(m,-h;lm,) cos cf> sin cf>

- i(q2 + w2 +1,;)q cos cf>

2qw cos cf> sin cf>

-qwlcos2 cf>-sin2 cf»

iwmdsin cf>

- 2qwmdcos cf> sin cf>

qwmJcos24>- sin2 cf»

- ilq2 + w2 +1r;)w sin 4>

N,

- 2qw cos cf> sin cf>

qw(cos2 cf> - sin2 cf»

- iw(m, - t,;1m,) sin cf>

2qw(m, - h;1m,) cos 4> sin 4>

-qw(m,-t,;lm,)(cos2 cf>-sin2 4»

i(q2 +w2+1';)W sin cf>

TABLE 3. A LIST OF THE fuNCTIONS NEEDED IN EQUATION (A3), TO OBTAIN THE RESIDUE CONTRIBUTION TO SOLUTIONS

FOR ACCLERATION AND STRESS RATE: W IS TAKEN AS THE CAGNIARD PATH VALUE w,(t) (a d OR s), AND q AS THE

SINGULAR VALUE q••lw,)

Solution Ud Vd

Ux -2a4 cos 4> -a~

ii. -a6 -as

Uz - i(mdcos 4> +qa4/md) -ia4md

T:x 2a4mdcos cf> +qailmd aimd

tty a6 md+qaslmd aSmd

t zz i(a 13 cos 4> +2qa4) ia4a13

f U, V,

Ux 2a4 cos 4> ai +1,;

Uy a6 as

Uz i(a71 cos 4> +a4a73) ia4a71

i z .'< - 2a4a7 2cos cf> - aia74 - h;qla7 -aian-h;a7

Tzy -a6 a72 -a5a74 -aSQ 72

iz~ - ita13 cos cf> +2qa4) -ia4al3

- 2a4a8

-u9

- i(aSmd+U4a1olmd)

2a4aSmd+aialolmd

U9md +asa 1O/md

i(asa 13 +2a4a10)

a9

i(asa71 +a4a1oanlq)

- 2a4asa72 - (aiu 74lq +h;la7)a 1 0

- u9an - a5alOu,41q

- i(asa 13 +2a4a10)
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Cagniard paths W = wa('r)(ex = d, s) are defined in the first quadrant of the complex w­
plane by finding solutions to

r = [- iq sin 8+ (q2 + w2 + r;)! cos 8Jlq =qav(W) where q"v = [w~ + i(W2L 2N 2+ D)!JD.

With W = wa(r) and q = q"v(wa(r)), the following time-dependent (and wave-type dependent)
functions, needed in Tables 2 and 3, are finally defined:

a4 = q cos <P + w sin <p, where the upper or lower sign is taken, according as

a7 = ms = (q2+ w2+ r;rt

a73 = q/ms +1qr;/m%

as = a3 cos <p+sin <p

a9 = 2(qa3- w) cos <p sin <p ±(wa3+q)(cos2 <p - sin 2 <p) a10 = qa3+w

all = {8ana3+w cos 8/(q cos 0- imasin tI)J)-1

a l2 = dall/dr a13 = q2+ w2+1r;.

The factor { ], in solution formulae (AI), is a dimensionless quantity dependent only
on (fI, <p, r), but not on R. The radiated pulse shapes are thus the same, for all points along
a given straight line through the point of initial rupture. This self-similar property is noted
in [7J, [IOJ and [12J, and is the basis for applying numerical results of Figs. 5-10 to problems
of (small-scale) material failure, and to the study of earthquakes.

Finally, in order to carry out the numerical integration of (A2), it is often convenient
to subtract out from the integrand the singularity arising from a double zero in (£2 - 0 2)2
at the value w = wa(r). (See text, discussion of (20).) To this end, it may be noted that

a14 = wF-q~+ia1oq/ow

a15 = Fa 17 -(oq/ow)(~ +qL2N2a17)a17 + [ia 1(o2 q/ow2)- (oq/OW)2 L2N 2ai 7J/a 14

a16 = l/w+F/(q~)+(oq/ow)[l/q+D/(w~)J a17 = l/(wF - '1~)

in which q = qa(wir), r), w = wa(r).
The integrand for fa in (A2) thus has singularities obtainable from a Laurent series as

in which
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and W: is defined by the ~ of Table 3. but with a3 (= oq"./ow) replaced by a; = oqJow.
If the singularity Sa is subtracted from the integrand for lao there results a smooth

integrand which is amenable to numerical calculationt at all times L. An extra term. the
integral of Sa' must then be added to obtain la itself. This extra term is simply

(A4)

which is seen to be discontinuous as time increases through L = LOa' since Wa crosses the
real w-axis (at w = woJ. and the angle arg(1 '4/wa) jumps up through 2n.

(Receil'ed 15 September 1972: rel'ised 15 November 1972)

A6CTpaKT-l1ccJleJ(yeTcli H3J1Y'leHHe J(JllI TpexMepHoH 3aJ(a'lH xpynKoro pa3pyweHHll. npe):lnOJlaraeTCli
'ITO TpemHHa CJlYlKHT L\eHTpOM ):IJllI pa3BHTHli npouecca, B HeKOTopOH TO'lKe 6eCKOHe'lHOH, npe):lBaplUeJlbHO
HanplilKeHHOH, ynpyroH cpe):le If, ):IaJlee, TpemHHa BnOCJleilCTBHH nOCTOllHHO YBeJlIf'lllBaeTCli CJ(03BYKOBblMIf
CKOpOCTbllMH pa3pyweHlfll, yTscplKJ(ali ¢!OpMy 3J1Hnca. HanplilKeHlfli CJ(BHra YMeHbwalOTCli BCJleJ(CTBlfe
TpemlfHbl. BblBOJ(lITCli CTporlfe pemelfHSI J(JlSI yCKopeHlIli H CKOpOCTIf HanpSllKeHIfH (,lI.JllI KalKJ(OH TO'lKH
cpeJ(bl). B BIfJ(e npOCTblX IfHTerpanOB 1I aJlre6pall'leCKIfX BblpalKeHIfH. )],aeTCSI aHaJlllHI'IeCKaSl oueHKa
peweHIfH J(JllI <!>POHTOB BOJIH If OC06blX TO'leK. Ii '1IfCJleHHaSl. ,lI.JllI pa3HblX TO'leK Cpe,ll.bl. ,lI.JllI pa3Horo pOCTa
CKopOCTeH TpemliHbl.

t These integrands are typical of Cagniard solutions in that they exhibit a singularity at the upper limit. due
to the iJqo/iJr factor. This singularity is removed by the substitution w = To sin X. and integrating the range
o ~ X ~ n12.


